Abstract. In the Netherlands there has been nationwide vaccination against the measles since 1976. However, in small clustered communities of orthodox Protestants there is widespread refusal of the vaccine. After 1976, three large outbreaks with about 3000 reported cases of the measles have occurred among these orthodox Protestants. The outbreaks appear to occur about every twelve years. We show how a simple Kermack-McKendrick-like model can quantitatively account for the periodic outbreaks. Approximate analytic formulae to connect the period, size, and outbreak duration are derived. With an enhanced model we take the latency period in account. We also expand the model to follow how different age groups are affected. Like other researchers using other methods, we conclude that large scale underreporting of the disease must occur.
Introduction
Upon hearing that vaccination against the measles is nowadays common in the entire developed world and in many developing countries, many people of the 50-andolder generation react with a statement like "Why? It's just the measles . . . ". Indeed, until vaccination programs became common around 1970, almost every child would get the measles and, in Western countries, 99% recovered without lasting consequences. However, in 1980 the fraction of cases where complications did arise still resulted in an unacceptable 2 600 000 fatalities worldwide [1] . Vaccination programs have brought this number down to about 122 000 in 2012 [2] . The vaccine is cheap, safe, and effective, so vaccination programs make sense from a public health policy perspective.
In September 2010, the 53 member states of the WHO (World Health Organization) European Region agreed to commit to the ambitious goal to eliminate measles (and rubella) in Europe by 2015 [3] . Previously the deadline had been set for 2010. WHO defines measles elimination as "the absence of endemic measles transmission in a defined geographical area for more than 12 months in the presence of a well-performing surveillance system".
The Dutch government implemented its nationwide vaccination program against the measles in 1976. The two-dose schedule was introduced in 1987. The national vaccine coverage of the first dose of the MeaslesMumps-Rubella (MMR1) vaccine has been fairly stable a e-mail: bierm@ecu.edu at about 96% for the last 20 years. The national vaccine coverage for MMR2 is a bit lower, at 92% (Tab. 3b in [4] ). Yet, as of June 2013, there are 30 municipalities in the Netherlands with less than 90% coverage for the MMR1 vaccine, in one case even lower than 60% [4] . The explanation for this reduced vaccination coverage is a geographic clustering − commonly referred to as "the Bible Belt"
1 , a strip that runs from the south-west to the north-east of the country (Fig. 1 ) − of orthodox Protestants who refuse vaccination due to their interpretation of divine providence [5] . Recently the orthodox Protestant community has been estimated at 250 000 people [6, 7] . The vaccination coverage within this community has been estimated to be at least 60% [8] .
Nevertheless, in each of the three large measles outbreaks in the Netherlands over the last thirty years, orthodox Protestants, refusing vaccination on religious grounds, made up the majority of unvaccinated measles cases for which information was available (see Tab. 1).
There have been instances where an outbreak of an infectious disease followed after an isolated "virgin" population incidentally (re)encountered the agent of a disease [9] . In this context the 1846 outbreak of the measles on the Faroe Islands is famous [10] . In the Dutch Bible Belt, however, there have now been three large outbreaks (>1500 cases) of comparable magnitude that each lasted Blue circles correspond to primary schools. Red circles correspond to secondary schools. The circle's area corresponds to the number of students in the school. These data-maps are produced by the Dutch National Institute for Public Health and the Environment (RIVM) and are available in the public domain (see footnote 6). They are reprinted with permission. about a year and came about 12 years apart (see Fig. 2 and Tab. 1). The first outbreak also came twelve years after vaccination started. The pattern suggests an underlying deterministic mechanism. The Netherlands is a densely populated country and because of ample and fast international travel, almost incessant "visits" of the measles virus are inevitable. The fact that sporadic measles cases still occur in between the major outbreaks is an illustration of this. It appears that, after a major outbreak, it takes the orthodox Protestant population about twelve years to again accumulate sufficiently many susceptibles for a new major outbreak. It is the goal of this work to identify this deterministic mechanism and to quantitatively account for the observed oscillation.
It is precisely because of the self-imposed segregation that orthodox Protestants, unlike most other vaccinerefusing parents, do not benefit from herd immunity [11] and that large outbreaks can develop. The geographic and socio-demographic clustering of non-vaccinating orthodox Protestants has been recognized as the single largest barrier to achieving the goal of eliminating measles in the Netherlands 2 . In addition, outbreaks of vaccinepreventable diseases amongst orthodox Protestants in the Netherlands have clear repercussions abroad. Three measles outbreaks in Canada have been traced back to the 2013-2014 epidemic in the Netherlands 3 . In fact there is a long history of outbreaks of vaccine-preventable diseases such as poliomyelitis, mumps and rubella among Dutch orthodox Protestants spreading to Canada [12] .
Schools play a crucial role in the transmission chain of measles [13, 14] . The dip in the number of reported measles cases that is often visible during school holidays is a clear sign of this (see, for instance, Refs. [15, 16] ). It is in the schools that infectious, but as yet asymptomatic, and susceptible pupils spend a lot of time together and with measles transmission being airborne, contact rates will be high. With the penultimate measles outbreak in the orthodox Protestant community more than 12 years ago and the primary schools thus harboring many susceptibles, orthodox Protestant primary schools in particular can therefore arguably be seen as the driver of the 2013/2014 outbreak. Indeed, the first reports of measles cases in the 1999/2000 and 2013/2014 outbreaks came from orthodox Protestant schools [17] . In studying the dynamics of the epidemic, we therefore focus on the population in orthodox Protestant schools.
Religious denominations in the Netherlands can set up their own schools and can acquire public funding for these schools if a set of quality criteria is met 4 . There are about 180 orthodox Protestant primary schools 5 and seven institutions for orthodox Protestant secondary education. The orthodox Protestant schools may differ in the details of their admissions policy, but it is common to admit only children from orthodox Protestant parents or to, at least, limit the admission of children from outside the orthodox Protestant community to a small percentage. No data are available on the percentage of "dissident" students across orthodox Protestant schools. But there is an ongoing debate in the orthodox Protestant press about this admissions policy and it appears that the schools that do admit "dissident" students, generally put their limit at 5 or 10 percent. So the fraction of students from outside the orthodox Protestant community is unlikely to be larger than 10%. According to open-source data from the Dutch Ministry of Education, Culture and Science, total enrollment in orthodox Protestant primary schools in 2010, 2011, 2012 and 2013 fluctuated around 39 000 pupils 5 . In the Netherlands primary schools cover eight years and students attend from age 4 to age 12. As mentioned before, the percentage of the orthodox Protestant community that does not vaccinate is estimated to be (at most) 40% [8] . Accounting for the vaccination coverage, the fact that the last major measles outbreak among orthodox Protestants was more than 12 years ago and assuming that on average 5% of pupils enrolled at orthodox Protestant primary schools comprise vaccinated children from outside the orthodox Protestant community, we can estimate that the population of susceptibles at the primary school level comprises about 15 000 pupils. Further assuming that these 15 000 pupils are equally distributed over all 8 grades, we infer that annually 1900 leave the population and 1900 new susceptible pupils enter. For our mathematical model this is the annual "supply" of new susceptibles and it is an important parameter. Again we mention that this 1900 is the upper limit that corresponds to the maximal 40% that does not vaccinate.
It is worth noting that the orthodox Protestant constitute only a minority among the non-vaccinated. Previously, this was estimated to be 15% [17] , but the authors did not elaborate on how they arrived at this.
With the same open source data that we used in the last paragraph, we estimate it as follows: first, we take the number of children attending orthodox Protestant "reformatorisch" primary schools and the number of all children attending primary schools. Next, we correct the number of children attending orthodox Protestant primary schools for vaccinated non-Protestant children attending these schools (1−10%). Finally, by estimating a plausible range of MMR1 vaccination coverage among orthodox Protestants (60%−70%) and among primary school pupils nationally (∼97%; MMR1 vaccination coverage is 96% for 2 year olds and rises to 97.5% for 10-year olds), it can be estimated that the proportion of pupils not having received vaccination based on religious beliefs constitutes between 23 and 33 percent of the total nonvaccinated.
Understanding the size and timing of outbreaks of vaccine-preventable diseases is paramount when assessing the risk of future outbreaks [18] . Epidemic models provide an essential tool in this. One of the earliest, classic approaches is the compartmental SIR model proposed by Kermack and McKendrick [19] . In SIR models people are either "Susceptible", "Infected", or "Removed". "Removed" individuals have died or become immune to infection. In either case, the "Removed" no longer participate in the dynamics of the disease. One of the central outcomes of the model of Kermack and McKendrick is that the number of susceptibles in a population must be above a certain threshold for an epidemic to occur [11, 19, 20] . Data on real epidemics reveal ample illustration of the reality of such a threshold [18] . In the research described in this paper, we slightly modify the original model of Kermack and McKendrick to apply to the long-term dynamics of measles outbreaks in the Netherlands. In Section 2 a simple model is presented to reproduce the sharply peaked periodic outbreaks. In Section 3 analytic formulae to approximate the period and the magnitude of the outbreak are derived. In Section 4 more characteristics of the disease are taken into account. The model is extended and fine-tuned to reproduce the observed age distributions and the shift of the patients' age distribution from one outburst to the next (Tab. 1). Section 5 is the results and discussion section.
Primary and secondary schools as well as medical professionals in most European countries are required to report measles cases to the authorities. However, for one municipality in the Netherlands it was found that the number of reported cases during the 1999/2000 measles epidemic constituted just 9% of all measles cases diagnosed retrospectively [21] . Similar figures have been reported in relation to outbreaks in Germany [22] and France [23] . The results of our modeling will provide an independent affirmation of the large scale underreporting.
A basic model
Children of the orthodox Protestant community commonly commute long distances in order to go to orthodox Protestant schools. The "mixing" in these schools homogenizes the orthodox Protestant population to a large extent with respect to the disease. We thus treat the orthodox Protestant population as one reservoir and use the "continuously stirred tank reactor"-approach of chemical kinetics. This means that in setting up a model, we use ordinary differential equations and time will be the only independent variable. An animation on a Dutch-government website 6 shows the progress of the 2013/2014 outbreak in time. No clear cross-country prop-agation is apparent in this animation. So the continuously stirred tank reactor is a reasonable approach.
We let S(t) be the number of susceptibles and let I(t) be the number of infected. The following simple autonomous system can reproduce the periodic outbursts. The model resembles the well-known model of Kermack and McKendrick that was first proposed in 1927 [19] ,
Here the dot represents differentiation w.r.t. time, i.e.
• ≡ d/dt. We take a day as our unit of time. In the introduction we found that the population of susceptibles increases at a rate of at most 1900 per year. This means an upper limit of A ≈ 5 for the daily increase. A person that is infected with the measles is contagious and relatively free of symptoms for about four to nine days before the characteristic rash starts and the student stops going to school. We thus take β ≈ 0.15 for the rate at which infected are removed. The parameter α is the contact rate. This parameter represents the fraction of the susceptibles that an average infective successfully exposes per day. It depends not only on the infectiousness of the disease, but also on social organization. It may vary seasonally. We use α ≈ 5 × 10 −6 , which is similar to values used by Yorke and London to explain two-year periodic measles outbursts among non-vaccinated people in New York City in the 1960s [24] .
Setting the left hand sides of equations (1) equal to zero, we find the fixed point in the (S, I)-plane:
Next, a linear analysis will reveal the behavior of equations (1) in the vicinity of the fixed point. To that end, we substitute S(t) = S 0 + δ(t) and I(t) = I 0 + ε(t). We neglect the quadratic terms in δ and ε and then solve the resulting system of linear differential equations for (δ(t), ε(t)) [20] . For the solution of the eigenvalue equations, we get
For a damped oscillation, i.e. the fixed point being a stable spiral, we need the term under the square root to be negative. For our parameter values we indeed have 4β Aα. We thus get ω ≈ √ αA for the angular velocity in the (S, I)-phase plane and, consequently, T = 2π/ω = 2π/ √ αA for the period. The real part of λ 1,2 represents the damping coefficient and it determines how fast the amplitude of the oscillation gets smaller. For the parameter values that we use, the damping coefficient is between one and two orders of magnitude smaller than ω. So the damping is slow relative to the oscillation and we are looking at a system with a very recognizable periodicity.
There was, of course, no change in the infectiousness α and the recovery rate β when nationwide vaccination in the Netherlands started. But there was a dramatic change in the daily supply of new susceptibles A. Before vaccination it was orders of magnitude larger and, as a result, λ 1 and λ 2 (cf. Eq. (3)) were negative numbers. Such λ 1 , λ 2 < 0 leads to a phase plane structure with a rapid non-oscillatory relaxation to the fixed point. Before nationwide vaccination, the number of infected people in the Dutch population stayed constant at a level I 0 = A/β.
When nationwide vaccination started, the dynamical system equation (1) was left in a state far from a new fixed point − a fixed point that, because of the new small A, now had complex valued λ 1 and λ 2 (cf. Eq. (3)) and a resulting stable spiral around it.
We saw earlier that post-1976 we have at most A ≈ 5. As was mentioned before, the eight grades in Dutch primary schools cover ages 4 to 12. With the aforementioned 15 000 children in the orthodox Protestant schools, we have 15 000/8 ≈ 1900 children per grade. Because in the pre-vaccination era, children get the measles on average at age 10, there will be about 11 000 susceptibles in the orthodox Protestant schools in 1977. To these susceptibles we have to add the ones in the zero-to-four age group, i.e. four times the number of children per grade. This reasoning leads us to the estimate of S(0) ≈ 20 000 for the 1977 situation. For the number of infected in the orthodox Protestant community at t = 0, we take the pre-1977 constant level I 0 = A/β. With at most A ≈ 5 for the orthodox Protestant community, we have I(0) ≈ 20. But it turns out that the final outcome is not sensitive to the value of I(0). Figure 3 shows the result of a simulation. The 12-year periodicity with sharp peaks is reproduced in the simulation.
Even though no general solution is available, equations (1) are sufficiently simple that approximations can be derived. Next we will perform an analysis that will lead to formulae that connect the "inter-outbreak" interval, the duration of an outbreak, the number of infections and the parameters A, α, and β.
Approximating the outbreak's size, period, and duration
The linear approximation that gives rise to equation (3) describes damped harmonic oscillations. It is obvious that the oscillations that we see in Figure 3 are not harmonic. They are too far away from the fixed point for the linear approximation to be valid. The oscillation that we see can be separated out into two clearly identifiable stages: (1) the inter-outbreak interval and (2) the outbreak. The function S(t) looks like a sawtooth wave with a small damping. During the inter-outbreak interval, the number of susceptibles is growing linearly while the number of infected remains close to zero, i.e. dS/dt ≈ A and I ≈ 0. During the outbreak, the absolute value of dS/dt is much larger than A. The outbreak dynamics is thus well approximated by just:Ṡ
With equations (4) we are back at the traditional SIR model of Kermack and McKendrick. Equations (4) also constitute a special case of the well-known Lotka-Volterra system [11, 20] . The Lotka-Volterra equations describe the dynamics in a predator-prey system. With x(t) being the number of prey and y(t) being the number of predators, the Lotka-Volterra system is:ẋ = ax − xy anḋ y = −by + xy. The Lotka-Volterra system has no general analytic solution with two free constants to match initial conditions, but one integral, ln x b y a = x + y + C, where C is one constant determined by initial conditions, is readily derived [20] . In our case we have a = 0. For equations (4) the integral ultimately takes the form I = (β/α) ln S − S + C, where C is again a free constant. Figures 3 and 4 show how the number of infected I(t) reaches its maximum I max at the moment that S(t) goes through its average (which is the fixed point value S 0 = β/α). We can obtain the value of the constant of integration C by substituting (S, I) = (S 0 , I max ). We thus find Figure 4 shows that at S = S max and S = S min , we have I ≈ 0. Substituting I = 0 in equation (5) we find an equation for S:
The two solutions for S are S min and S max . In Figure 3 we see that S stays close enough to S 0 to warrant taking S/S 0 = 1 + and the second order Taylor approximation ln (1 + ) ≈ − 2 /2. We are then led to the simple relation I max /S 0 ≈ 2 /2 and, consequently,
(7) For the number of people infected during an outbreak we thus have
During the inter-outbreak interval this is how much S has to grow through the influx A. As the duration of the outbreak is much smaller than the inter-outbreak interval, we can take the inter-outbreak interval as the period. For the period T per we then have the approximation:
We can also derive an approximate value for the duration of the outbreak, T outbr . Figures 3 and 4 show an almost linear decrease in time from S max to S min . The slope at the midpoint (S 0 , I max ) is a good approximation for the almost constant rate at which infections occur during the outbreak. With |Ṡ| outbr ≈ αS 0 I max we have Figure 3 shows the time evolution that equations (1) predict. To generate Figure 3 , we took the parameter values A = 2.7, β = 0.12, and α = 4.8×10 −6 . We motivated these values earlier. These values lead to S 0 = β/α = 25 000. The depicted time evolution of "S" and "I" indeed displays the sharply peaked outbreaks that occur in real life about every ten to twelve years.
In Figure 3 we see that the first outbreak has its peak at I max ≈ 500. Substituting this into equations (9) and (10), we find T per ≈ 3700 days and T outbr ≈ 170 days. The period T per is indeed close to the observed twelve years, but the outbreak time T outbr appears to underestimate the real outbreak-time by about a factor two. This is because the model does not take the latency period into account. In our model an infected person is immediately contagious. In actual reality a person is non-contagious and without symptoms for a week to ten days after infection. It can be readily intuited that this latency period extends the time that the outbreak lasts. Modifying equations (1) to take the latency period into account is straightforward. The result is a system of so-called delay differential equations. Such equations are notoriously hard to analyze. In Section 4.1 we will model the latency period through the addition of one extra linear equation to equations (1). It is indeed found that the only major effect of the latency period is an extension of the outbreak time.
Entering the values for I max and S 0 into equation (8), we find that about 10 000 people are infected during the outbreak. The fraction of susceptibles that gets infected during an outbreak can also be evaluated in another way. The analysis of equations (4) often involves the number R 0 = S(0)α/β, which represents the number of susceptibles infected by one infected person at the beginning (t = 0) of the outbreak. For the case depicted in Figure 3 we see that R 0 ≈ 1.2 when the first outbreak begins. Manipulating equations (4), the following equation for the fraction of susceptibles s that does not get infected during an outbreak can be derived: s = exp [R 0 (s − 1)] (see e.g. [20] , Sect. 19.1). Solving this equation numerically for R 0 ≈ 1.2, we find s ≈ 0.69. So only about one third of the susceptibles is infected in the course of the outbreak. This is also what Figure 3a shows. This result is remarkable in two ways. Each of the three outbreaks involved about 3000 reported cases. If the model is correct and about 10 000 of 30 000 susceptibles are infected in the course of an outbreak, then this would imply that there is an underreporting by about a factor three! We see the underreporting factor of three not just in the total number of reported cases. Figure 3 shows that the number of infected at one and the same time is maximally I max ≈ 500. In the results and discussion section we will come back to the underreporting issue. Furthermore, if such a large fraction of the susceptibles does not get infected in the outbreak, then the number of older susceptibles must have been growing since 1976 and make up for an ever larger fraction of the infected with every subsequent outbreak since the first one in 1988. We will check on this model prediction in Section 4.2 and we will discuss its public health consequences in the results and discussion section.
Enhanced models

The effect of the latency period
As was mentioned before, the measles has a latency period, Δt, of 7 to 10 days. This means that the increase of the number of infectious people at time t equals the number of infections at time t − Δt. Taking this delay into account, equations (1) becomė
S(t) = A − αS(t)I(t) andİ (t) = αS(t − Δt)I(t − Δt) − βI(t).
The second equation of (11) can be rewritten as:
I(t + Δt) = αS(t)I(t) − βI(t + Δt).
In Figure 3 it can be seen that S(t) and I(t) change little in the course of just 10 days. We thus take a first order Taylor approximation, i.e. (12) and takingİ + βI = γL, where γ = 1/Δt, we derive:
I(t + Δt) = I(t) + (Δt)İ(t) anḋ I(t + Δt) =İ(t) + (Δt)Ï(t). Substituting this in
S(t) = A − αS(t)I(t) L(t) = αS(t)I(t) − γL(t) I(t) = γL(t) − βI(t).
With equations (13) the delay has been removed and translated into an extra dimension of the system. The new dependent variable L(t) represents the "latents". After leaving the susceptibles, an individual now spends an average time 1/γ in the "latents" reservoir before it moves to the "infected" (see Fig. 5 ). The model depicted in Figure 5 is known in the literature as the SLIR model. Often the latents are called "exposed". The same model is then called SEIR [25] . With Figure 5 it can be understood how the latency time 1/γ extends the duration of the outbreak time T outbr . Imagine a "sudden blip" that is passed on from S to L. A delta-function-like "blip" going from S to L results in a step-function-increase in L. This step-function-increase is next passed on to I with a relaxation time 1/γ. It then moves out of I to leave the system with a relaxation time 1/β. Solving the associated differential equations, one easily ascertains that the delta function "blip" that moved from S to L at t = 0 results in a signal in (1) are retrieved and the relaxation time out of I is just 1/β. We can approximate the relaxation time out of reservoir I with 1/γ + 1/β. This means that (γ + β)/γ is the approximate factor by which the introduction of a latency time 1/γ widens the pulse.
If a chain of transmission of the measles involves N subsequent individuals, then going from equations (1) and Figure 3 to equations (13) leads to an extension of the duration of this chain. The duration of the chain will go from N/β to N/γ + N/β, i.e. an increase by the aforementioned Fig. 6 . The results of a simulation of equations (13) . Initial conditions and parameter values are the same as those for Figure 3 . In addition, we take γ = 0.12 to characterize the newly introduced latency (cf. Fig. 5 ). Depicted is the number infected as a function of time. Comparison with Figure 3b shows how the introduction of the latency state leads to wider peaks, i.e. a longer lasting outbreak time. The inter-outbreak period of 12 years remains unaffected.
factor (γ + β)/γ. The factor (γ + β)/γ is therefore also expected to be the approximate factor by which the latency extends the T outbr shown in Figure 4 . The approximations of the previous section led to T outbr ≈ 170 days. With a latency period that is about equal to the infectiousness time (i.e. 1/γ = 1/β), we then find that T outbr gets about twice as long. Figure 6 depicts the results of a simulation of equations (13) . As in Figure 3b , the number of infected is depicted as a function of time. Compared to Figure 3b , Figure 6 indeed shows a widening of the peaks by a factor of about two. Around a year is also the time that the real outbreaks are seen to last. Figure 6 furthermore shows how the inter-outbreak time of about twelve years is not affected when a latency period is introduced.
Separation into age groups
As can be seen in Table 1 , for all of the three outbreaks 60% of reported measles cases involve school-age (5−14) children. The data of the 2013/2014 outbreak show that children in the 5−14 age group are about twice as likely to get infected as compared to children in the 0−4 and 15−19 age groups. Given the epidemiological dynamics of the disease, this is easily explained. When the previous outbreak occurred, the group that is older than 12 years of age was already present and the group that is older than 16 years of age was already present and even in school. The group that is younger than 5 years is, in large part, not going to school yet. As we stated before, it is the many close contacts between susceptibles and infected in orthodox Protestant schools that should be considered as the engine behind the epidemic. In the Discussion section of their article Yorke and London also conclude that the contact rate for the measles is "made" by children gathering in schools [24] .
In a more detailed model, we subdivide the susceptibles into three groups: a population of 4 years of age and younger (S 1 ), a schoolgoing population of 5 to 14 years of age (S 2 ), and a population of 15 and older (S 3 ). We come to the following dynamical system:
Four years correspond to about 1500 days. However, for about the first half year of his or her life, a young child carries an immunity that it got from the mother. For our model this means that a susceptible is effectively born at the age of half a year. We thus take μ 1 = 1/1300 as the rate at which susceptibles "flow" from S 1 to S 2 . We will take μ 2 = 1/3700 (ten school years is 3700 days) as the rate of flow from S 2 to S 3 . The model neglects infections within S 1 and within S 3 . School-age children can infect their parents (S 3 ) and their younger siblings (S 1 ), but the parents and younger siblings do not infect anybody else. As most parents have already acquired immunity and as most infants stay at home, this is not an unreasonable assumption. If we took, for instance, toddler-to-toddler infections into account, it would add an S 1 I 1 product to the equations forṠ 1 andİ 1 . Taking toddler-to-student infections into account would add an S 2 I 1 product to the equations forṠ 2 andİ 2 . Each of these products would come with its own prefactor. These prefactors are hard to estimate. Our neglecting is justified by the fact that, as was mentioned before, the infections occurring in the orthodox Protestant schools are the "engine" of the epidemic. It is in these schools that the conditions for herd immunity are breached. The contact rate α is higher for infections within the school age population than for infections from the school age population to the other age groups.
The results of the simulation of equations (14) are depicted in Figure 7 . For the indicated parameter values there are again sharply peaked outbreaks every twelve years (not shown). The simulation also reproduces how the different age groups are afflicted. Table 1 and Figure 7 show how the fraction of patients in the 15+ category roughly doubles from one outbreak to the next. The reason for this can be easily intuited. In Figure 3 it can be seen that not all susceptibles are infected during an outbreak. Simulations of equations (14) show a steady increase in susceptibles in the 15+ category. Before vaccination everybody got the measles and the number of susceptible adults was effectively zero in 1977. After 1977, susceptible schoolchildren that did not get infected during an outbreak were susceptible adults during the next outbreak. We thus get correspondingly more victims in the 15+ category with every outbreak.
Results and discussion
Groundbreaking work on the mathematical epidemiology of the measles was done by Yorke and London in the 1970s [24] . They used a model similar to ours to explain biennial measles outbreaks among the non-vaccinated in New York City. They found that the seasonal variations of the contact rate are essential for the oscillation to occur. The contact rate for their fit was up by a factor 2 in the winter when schools are in session and people spend more time in enclosed spaces. They found incubation time and latency time to be essential for the periodic pattern. In our case the inter-outbreak time is almost an order of magnitude larger than in the biennial case of Yorke and London. The latency time, the incubation time, and the seasonal variations of the contact rate will not affect our long inter-outbreak time. But, as we saw, the latency time will affect the peak width of our outbreaks. Other work on the periodic outbreaks of the measles also dealt with shorter periods and made use of seasonally changing contact rates [26, 27] . Even chaotic behavior could occur in the ensuing dynamical systems. Our basic dynamical system, (Eq. (1)), and its enhancements are still way too simple to allow for anything like chaos. The underlying cause for the recurrent outbreaks in our model is found in the steady buildup of the number of schoolgoing susceptibles. After about 12 years of buildup, a threshold is crossed and the system is ready for a new chain reaction.
Interestingly, Yorke and London also concluded that there must be significant underreporting in the New York City case. They observed how the reported data were not compatible with the fact that almost everybody got the measles before the age of 20. They estimated a factor 8 for the underreporting.
As was mentioned in Section 3, the KermackMcKendrick theory leads to an equation for a threshold: R = Sα/β, where S represents the number of susceptibles. This R is the number of susceptibles that an average infective will infect. For R > 1 the number of infected will increase. For R < 1 the disease will die out. In a real world situation like ours it is often hard to apply the threshold theorem. This is mostly because the contact rate α is not sharply defined. Yorke and London already discussed the temporal variations. Figure 1 of reference [15] shows, for the 2013/2014 measles outbreak in the Dutch Bible Belt, the number of cases reported weekly and where these cases occurred. There is a clear summer-holiday dip. This is due to a smaller contact rate α when schools are not in session. But the contact rate α does not just vary in time. The continuously stirred tank reactor is a simplification. In Figure 1 of reference [15] we see that different schools are struck at different times. Schools in the southeastern part of the Dutch Bible Belt (Gelderland-Zuid) were struck before the summer holidays. Schools in the western part (Rotterdam Rijnmond) were struck after the summer holidays. In other words, contact rates are high within a school, but for the transmission from one school district to another school district the α is lower and the threshold correspondingly higher. Smaller outbreaks that stay limited to one or just a few schools are therefore in principle possible. Figure 2 shows a small outbreak like that in 1983. In reference [28] it is described and explained how small scale outbreaks of the measles occur independently and randomly in different communities in England and Wales. That there is only the small outbreak of 1983 in our Dutch-Bible-Belt case indicates that the communityto-community contact rates within the Dutch Bible Belt are generally too high to allow for the limited, independent outbreaks of reference [28] .
The outbreak in 1992/1993 [29] and the small outbreak in 2008 [30, 31] that are apparent in Figure 2 are outbreaks that did not occur in the orthodox Protestant community. These outbreaks occurred in the anthroposophic community. The anthroposophists are a "spiritual" minority that also refuses vaccination against the measles [32, 33] . They number less than the orthodox Protestants and they are also less clustered. But like the orthodox Protestants, they do operate a number of their own primary and secondary schools (see Ref. [34] ). According to equation (10) the smaller contact rate and the smaller number of anthroposophists should lead to a longer outbreak time T outbr . This is indeed what we see in Figure 2 : the 1992/1993 outbreak carries on into 1994 and 1995. The 2008 outbreak in the anthroposophist community stayed limited to only 99 cases. It was quickly contained and occurred mostly in just two cities [31] .
In our simulations we see the number of infected go down to far below unity during the inter-outbreak intervals. In Figure 3b the number of infected, I(t), actually reaches a value of I = 2 × 10 −9 at about t = 2000. It is, of course, highly unrealistic that the virus survives in a small fraction of a person and that a next outbreak can start from such a "small fraction of a person". This problem has been encountered before in epidemic models and in predator-prey models [35] . In the context of predatorprey systems it has been called the "atto-fox problem" (atto = 10 −18 ). It needs to be realized that in the situation studied here, the virus is actually continuously around, even when nobody in the community is infected. Many times a year it is brought to the Dutch Bible Belt from the outside. However, as long as an infected individual infects on average less than one susceptible, any such introduction will not lead to an outbreak. In our simulations we actually found that the outbreak dynamics and the 12-year periodicity are rather insensitive to the initial value of the number of infected. Ultimately, it is the slow buildup of the number of susceptibles in the inter-outbreak intervals that matters much more for the dynamics. More realistic would be simulations with a small additive noise term in the expressions forİ andL in equations (1), (13) , and (14) . But this would greatly take away from the simplicity of the model.
In our basic model we see that the number of infected never exceeds 500. Our numbers are small enough that just the stochastic nature of viral transmission can make for considerable variations from the average. A Master Equation approach [36] would give the probability P (S, I, n+1) of S susceptibles and I infected on day n + 1 as a function of P (S, I, n). Such an approach should not just retrieve equations (1) for the averages, but it should also yield standard deviations.
The analysis of the nonlinear epidemic models with Master Equations and added noise is challenging, but elegant work has been done in that direction [37, 38] .
Equations (1) constitute a simple deterministic model without freely adjustable parameters. It is remarkable that such a basic model leads to such an accurate reproduction of the outbreak dynamics. Two results of our analysis are significant from a public health perspective.
Substantial field-research efforts have been done in order to come to a quantitative assessment of the underreporting of measles cases. Reporting is mandatory in the Netherlands, but in one low-vaccine-coverage municipality during the 1999/2000 outbreak, it was found that only about 30% of measles cases were presented to a medical professional and that medical professionals, in turn, reported only 30% of these cases to the authorities [21] . So just about 10% of cases were ultimately reported. In reference [23] the same estimate of 10% is arrived at for a measles outbreak in Southern France. In reference [22] the authors analyze data associated with a recent measles outbreak in the German state of North Rhine-Westphalia. The authors compare the number of cases that physicians have reported to the authorities with the number of cases that they derive from billing data of health insurers. They found negligible discrepancy during outbreaks, but more substantial discrepancy for times when no outbreak is going on. However, the method of these authors is bound to uncover only part of the underreporting as it is likely that many cases never come to the attention of either physician or insurer. Our model shows underreporting by a factor of about three. Our factor is smaller than the factor ten of [21] , but it is still an affirmation that the problem is significantly bigger than it appears from official numbers.
Sero-epidemiological surveys [39, 40] suggest that there are essentially no susceptible adolescents and adults in the orthodox Protestant community, i.e., all susceptibles are infected before they reach their late teenage years. The survey results, however, are hard to reconcile with the numbers shown in Table 1 . Table 1 shows a significant number of adolescent and adult cases and also a substantial increase in adolescent and adult cases from the 1999/2000 to the 2013/2014 outbreak. The original Kermack-McKendrick model already describes how, in any epidemic, there is always a fraction of susceptibles that does not get infected. For our system, an ever increasing number of adult susceptibles since 1977 is the result. The enhanced model in Section 4.2 expands on this result. The results of the enhanced model are consistent with the data in Table 1 and tell us that the increase of adolescent and adult cases from one outbreak to the next is a trend that is likely to continue. The trend is worrisome as the measles provokes more serious symptoms when it strikes an adolescent or adult as compared to a child − complications are more likely and hospitalization is more often necessary. More susceptible adults and adolescents results in a higher burden on the public health system.
